In this work, we study the following Generalized Variational Inequality Problem (for short, GVIP): Given a closed convex set K in a reflexive Banach space E with the dual E * , a
Introduction and formulations
Let E be a Banach space with norm · , E * its topological space endowed with weak* topology. As usual, x * , x denotes the duality pairing of E * and E, where x * ∈ E * and x ∈ E. Let K be a nonempty, closed and convex subset of E and T : K → 2 E * be a multivalued map with nonempty values, where 2 E * denotes the family of all subsets of E * . Suppose that b ∈ E * ; the classical Generalized Variational Inequality Problem (for short, GVIP(T − b, K)) defined by T, b and K is to findx ∈ K such that there existsū ∈ T(x) satisfying ū − b, y −x ≥ 0, for all y ∈ K.
(1.1)
It has been studied by many authors (for example, see [2, 7, 8, 11] ).
If T is a single-valued map, then GVIP(T − b, K) is called the variational inequality problem (for short, VIP(T − b, K)), considered and studied by Zeng and Yao [11] and references therein. Of course, if T is a single-valued map and b ≡ 0, then inequality (1.1) reduces to the classical variational inequality. Recently, Li [5] has obtained some existence results for solutions of variational inequalities in reflexive Banach space. He used so-called generalized metric projection which permits one to draw strong conclusions on the existence of solutions of variational inequalities.
The purpose of this work is to derive existence results for solutions of GVIP(T − b, K) in reflexive and smooth Banach spaces by using generalized projection and the well-known Fan-KKM Theorem. Our results extend the recent results of [5] .
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Preliminaries
Throughout the work, unless otherwise specified, E is a reflexive Banach space with its dual space E * .
A E is uniformly convex ⇒ E is locally uniformly convex ⇒ E is strictly convex. The mapping J : E → E * defined by
is called the duality mapping of E. It is known that J(x) = ∂( We list the following properties of duality mapping J which are useful for the rest of this work. We consider the functional V :
It is easy to see that
It is clear that V(ϕ, x) is continuous and the maps
We remark that the main Lyapunov functional V was first introduced by Alber [1] and its properties were studied there. By using this functional V, Alber defined a generalized projection operator on uniformly convex and uniformly smooth Banach spaces which is further extended by Li [6] on reflexive Banach spaces. 
is said to be a generalized projection operator. For each ϕ ∈ E * , the set π K (ϕ) is called the generalized metric projection of ϕ on K. We mention the following useful properties of the operator π K . 
Proposition 2.2 ([6]). Let

Existence results
We establish a relationship between GVIP(T − b, K) and the generalized metric projection. 
is a multivalued map with nonempty values. Thenx ∈ K is a solution of GVI (T − b, K) if and only if there exists
u ∈ T(x) such thatx = π K [J(x) − α(ū − b)].
Proof. Letx be a solution of GVIP(T − b, K). Then there existsū ∈ T(x) such that for all
y ∈ K, ū − f , y −x ≥ 0 ⇔ α(ū − f ), y −x ≥ 0 ⇔ −α(ū − f ),x − y ≥ 0 ⇔ J(x) − α(ū − f ) − J(x),x − y ≥ 0 ⇔x = π K [J(x) − α(ū − f )] (
by virtue of Proposition 2.2).
This completes the proof.
We remark that when T is single-valued, Proposition 3.1 reduces to Theorem 8.1 of [1] . The following theorem is one of the main results of this work which is motivated by Theorem 2.1 in [5] . 
Proof. First we show that the multivalued G(·) is a KKM mapping.
(a 1 ) For each y ∈ K, we have y ∈ G(y). Hence G(y) is a nonempty set in K.
(a 2 ) For any finite set {y 1 , y 2 , . . . , y n } ⊆ K, we claim that
Take any y ∈ co{y 1 , y 2 , . . . , y n }. Then y = n j=1 λ j y j , where λ j ∈ [0, 1] and n j=1 λ j = 1. We have the following estimation:
This implies that
Therefore there exists j > 0 such that
It follows that y ∈ G(y j ) ⊆ Hence we have
By expanding (3.4), we obtain
The proof is complete.
It is noticed that in Theorem 3.1, we did not assume the continuity of T. For the case of upper semicontinuous mapping, we have the following result. Proof. In view of the proof of Theorem 3.1, it is sufficient show that for each y ∈ K, the set
Let {x n } be a sequence in G(y) such that x n → x 0 in the norm topology. We define a set S = {x 1 , x 2 , . . . , x n , . . .} ∪ {x 0 } of points of the sequence {x n } and its limit point x 0 . Then there exists u n ∈ T(x n ) such that
